We consider single cell multi-user OFDMA downlink resource allocation such that average supply power is minimized while fulfilling a set of target rates. Available degrees of freedom are transmission power and duration. This paper extends our previous work on power optimal resource allocation in the mobile downlink by detailing the optimal power control strategy investigation and extracting fundamental characteristics of power optimal operation in cellular downlink. The allocation strategy that minimizes overall power consumption requires the transmission power on all links to be increased if only one link degrades. Furthermore, we show that for mobile stations with equal channels but different rate requirements, it is power optimal to assign equal transmit powers with proportional transmit durations. To relate the effectiveness of power control to live operation, we consider different variants of the power model which maps transmit power to supply power. We show that due to the affine mapping, the solution is independent of the power model. However, the effectiveness of power control measures is completely dependent on the underlying hardware and the load dependence factor of a base station (instead of absolute consumption values). Finally, we conclude that power control mea-1 arXiv:1307.3099v1 [cs.IT] 11 Jul 2013 sures in base stations are most relevant in macro stations which have a load dependence factor exceeding 50%.
Introduction
Mobile traffic volume is growing at a rapid pace. This requires more Base Stations (BSs) which are more powerful and more densely deployed. The operation of todays' mobile networks causes 0.3% of global CO 2 emissions and 80% of the operating energy is spent at the radio BS sites causing significant electricity and diesel bills for network operators [1, 2] . These combined environmental concerns and rising energy costs provide strong incentives to reduce the power consumption of future BS generations.
Traffic statistics reveal that network load varies significantly over the course of a day and different deployment patterns such as rural, suburban or urban. While BSs operate at maximum efficiency during peak hours, their load adaptability is limited resulting in low energy efficiency in low load situations. We aim at actively decreasing the power consumption via power control during low loads when the spectral and computational resources far outweigh the traffic demand.
Recent studies show that the overall power consumption of a radio transceiver is dominated by the consumption of the Power Amplifier (PA) [3] . Reduction of transmit power causes a significant decrease of the consumed power in the PA. This general notion is analytically included in this paper via the EARTH 1 power model, which determines the overall BS power consumption on the basis of transmit power [4] . In this fashion, it is possible to determine the achieved absolute savings of power control strategies.
In our previous work, we have considered power control as an added improvement to systems which are capable of sleep modes [5] . We evaluated the combined gains on several generations of base stations. In this work, we provide a detailed investigation of the optimal stand-alone power control strategy when BSs are not capable of sleep modes.
Power control has been extensively studied as a tool for rate maximization when spectral resources are sparse [6, 7] . But these strategies need to be adjusted when maximizing the spectral efficiency is not the objective function. Wong et al. [8] provide an algorithmic strategy for power allocation in multiuser Orthogonal Frequency Division Multiple Access (OFDMA), but only for static modulation. By employing the Shannon limit directly, we presume optimal modulation. Al-Shatri et al. [9] optimize the operating efficiency, but require a predetermined static number of resources per user. Cui et al. [10] optimize the modulation scheme on the link level, which we extend to the BS level by incorporating the EARTH power model. This allows for minimizing the base station supply power, rather than the output power radiated at the antenna elements..
The remainder of this paper is structured as follows. The system model is presented in Section 2 which results in the optimal allocation strategy. In Section 3, first the optimal allocation of transmission power and time are discussed. It is then derived what transmit powers users with equal channels should receive. The power model is added in Section 4 to change the optimization variable from transmit power to supply power. Conclusions are drawn in Section 5.
System model
When a number of bits transmitted on a link with fixed bandwidth and optimal modulation is to be increased, there are two options. Either increase the link rate by raising the transmission power or transmit for a longer time. From a power efficiency perspective providing a fixed rate is thus a trade-off between transmit power and transmission duration. As illustrated in Figure 1 , a higher power for smaller duration will provide the same rate as a lower power with higher transmission duration. For a single link, transmission should always be the longest to allow for the lowest transmit power. However, in a shared multi-user channel with orthogonal access, all links have to be considered which each have individual rate requirements that have to be fulfilled in a set time.
We proceed with a derivation of the optimal allocation strategy. We employ the Shannon bound to map transmission power to achievable rate as the most fundamental law of energy consumption in communications. We assume that in a system a set of mobiles with known Channel State Information (CSI) has a set of rate requirements that needs to be fulfilled at minimum average system-wide power consumption.
A cell consists of a BS and N L links (mobiles). The rate per link i is upper bounded by
where W is the channel bandwidth in Hz and γ i = W kϑ with Boltzmann constant k and operating temperature ϑ in Kelvin. While rate and bandwidth are linearly related, rate and transmit power have a logarithmic relationship. As a consequence it is much more expensive in terms of power to increase channel rate than in terms of bandwidth. In other words, if there is a choice between leaving idle bands and transmitting at higher power and using all available bands and transmitting at the lowest required power, then the latter will always consume less overall transmit power.
The average target rate R i per link in bps has to be fulfilled within a total time frame T . Total energy consumed by the system is defined as
in J, where P SYS is the system average power consumption. Normalized transmission time per link is given by
where t i is the transmission time on link i in seconds and µ i > 0. Optimization of normalized time results in average power minimization and is more illustrative than energy minimization (which is only meaningful for a known T ). The average target rate on link i over the time slot T depends on the transmission time µ i and the rate during transmission, R i :
We are now able to find the transmission power per link as a function of the required average rate:
where 0 < P Tx,i (R i ) < P max for some P max .
To account for the fact that all links are served by the BS orthogonally on the shared resource, the system average transmission power at the base station for all links over T is the sum of individual transmit powers weighted with the transmit duration [5] 
where all links have to be served in the available time T . The combined duration of all transmissions must be less or equal to T . But since it is clearly most efficient to use the entire available T , it holds that
The allocation vector of transmission durations which minimizes (6) is power optimal.
Methodology and Results

On transmission power and transmission time
For a particular target rate on a link, a lower transmit time results in a higher transmission power and vice versa. Since transmission power is capped by P max , this in turn lower bounds µ i . If the target rates cannot be fulfilled without violation of P max on all links (or if i µ i > 1), then the system is overloaded. Thus, the optimal allocation is a trade-off of transmission times between links which depend on the individual channel gains and target rates. First, we inspect the behavior of transmit powers and times as they depend on the channel gains. For illustration, the individual optimal transmission powers and times of a system with two links and equal target rates are plotted in Figure 2 with the parameter set in Table 1 . In this setting, the channel gain on link 2 is constant, while it is sweeped over a range of 100 dB for link 1. Plotted in Figure 2 (a) are the system optimal transmit powers. The x-axis contains the ratio of the two channel gains (which equals the difference in dB) to emphasize the relative gap in channel gains. When channel gains are equal the power optimal allocation is clearly to assign equal powers. As link 2 degrades, more power should be allocated to it. The important finding is here that for optimal power allocation, transmit powers have to be increased on both links as channel gain difference increases. It is not possible to minimize BS power consumption by considering individual links. Rather, all links have to be considered simultaneously. Figure 2 (b) shows the corresponding transmission times. It can be seen that transmission times should compensate for the change in transmit powers on each link. The target rates are fulfilled by appropriate selection of transmission times µ i . For example, in a cellular system, this occurs in the downlink case between a cell edge user with low channel gain on link 1 and a center user with high channel gain on link 2. The difference in transmission power in Figure 2 (a) shows that at higher differents in SNR there is less flexibility in the selection of µ i resulting in a smaller difference of transmission powers.
For more than two users, the same holds true. If one link in the system degrades, all links should increase their power. To uphold the rate requirements, the unchanged links will reduce transmission time and the bad link receives more transmission time.
Optimal strategy on equal channels
When considering the system which depends on the given channel gains and target rates, finding the optimal transmission times µ i is an analytically difficult problem for which to our knowledge no closed form solution exists [5] . However, there exists a special case, which can be analytically solved. Sup-pose all links have equal channel gains G i = G, then (6) simplifies to
This new problem can be solved using a Lagrange multiplier.
is the minimizer of
Proof. The partial derivatives of (10) and (7) are
and unity, respectively; log refers to the natural logarithm. Therefore, the gradients of the Lagrange function Λ(µ i , λ) for any i are
The partial derivatives are independent of each other and only depend on λ. Thus, they have to be equal.
Functions of the type x → 2 x (1 − x log(2)) are monotone on x ≥ 0, hence there cannot be two different arguments for one i yielding the same function value. That is, one must have µ i = cR i for a given c. Since µ i = 1, 1/c is the sum of R i over i and the optimum is given by
This means that transmission times are directly proportional to the link target rates. The optimal transmission power on each link can be directly found from the sum of target rates using (5) and (12). Optimization of mobile user subsets can be achieved by assigning mobiles in groups according to their channel quality (or distance from the BS) or by appropriate scheduling in time of users with similar link quality.
Power control strategy in the power model
The power model [11] is a detailed representative model of how such BS components as radio transceiver, baseband interface, power amplifier, AC-DC-converter, DC-DC-converter and cooling fans act together forming an overall power consumption behavior. It was found that although highly complex in detail, the combined consumption of today's BSs can be represented by an affine function. There is a static comsumption that applies independent of load, P 0 , which we refer to as the idle power consumption. In addition, there is consumption which depends on the power delivered to the antenna. The rate of increase is represented by a load factor l. The model is analytically represented by
with P Tx ≤ P max and is illustrated in Figure 3 . As a metric for the share of load-dependent consumption of the overall consumption, we define the load dependence of a BS as
It is important to consider power control and transmission power in relationship to the consumption of the entire BS. The power model provides this by mapping transmission power to supply power. Instead of the transmission power, we are now able to minimize the supply power consumption. Addition of the power model to the power control strategy changes (6) in the following fashion:
Although not intuitive, it turns out that addition of the power model does not affect the power control strategy. Extending the Lagrange multiplier analysis to the power model inclusive problem, the partial derivative of the cost function now becomes In line with the proof for Theorem 1, it still holds that all partial derivatives are equal. Hence, P 0 and l have no influence on the solution. This bears the important consequence that the power control strategy is independent of the underlying power model, and thus the underlying BS. It is therefore optimal for all BSs.
However, although the strategy is independent of the hardware, the benefits of power control strongly depend on hardware. See Figure 4 for an illustration in a cell with ten users. Only when the load dependence factor η ld of a BS is high enough, can power control provide relevant savings. The effectiveness of power control in future BSs therefore strongly depends on hardware developments. For comparison, we consider typical load dependence factors of different BS types in Table 2 . Due to the low range and low transmit powers of smaller BS types, they have load dependence factors much smaller than 50%. Therefore, power control has limited applicability in smaller BS types than in macro stations.
Conclusion
In this paper, supply power optimal transmission power control is studied in the multi-user downlink setting where the Quality of Service (QoS) criterion is a target link rate. The minimization variable is the average supply power of a BS as a function of the required rates and channel gains. The system can be analytically represented. The first important finding is that in power optimal allocation, the system has to be considered as a whole. If a channel in the system degrades, the transmission powers for all links have to be increased while transmission durations for all links except the degrading link are decreased. While this convex problem does not have a closed-form solution, it can be simplified if only users with equal channel gains are considered at one time. It has been shown that in that case the optimal transmission time is proportional to the required link rate over the sum of link rates and the optimal transmission powers are equal for all links.
To account for realistic hardware consumption, a power model is considered which represents static and load dependent consumption of a BS. The addition of the power model allows estimation of absolute consumption values rather than transmission power. Inclusion of the power model into the power allocation problem reveals that the optimal strategy holds independent of the chosen power models. However, only if the power consumption of a BS is largely load-dependent, does power control result in significant savings. Otherwise, the idle consumption is several magnitudes larger than the effect of transmission power. Since BS types other than macro stations have much lower transmission powers and thus lower load dependence factors, power control is most effective in macro stations. 
